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Ballisti dynamis of a onvex smooth-wall billiard with nite esape rate along the
boundary
Igor Rozhkov, Ganpathy Murthy
Department of Physis and Astronomy, University of Kentuky, Lexington, Kentuky 40506
We fous on the problem of an impurity-free billiard with a random position-dependent boundary
oupling to the environment. The response funtions of suh an open system an be obtained non-
perturbatively from a supersymmetri generating funtional. The derivation of this funtional is
based on averaging over the esape rates and results in a non-linear ballisti σ-model, haraterized
by system-spei parameters. Partiular emphasis is plaed on the whispering gallery modes as
the origin of surfae diusion modes in the limit of large dimensionless ondutane.
I. INTRODUCTION
Wave billiards with smooth boundary walls nd a wide variety of appliations in ondensed matter physis [1℄,
mirowave and aousti haology [2℄. For haoti transport in nano-size two-dimensional eletroni systems suh as
quantum dots, wires, juntions, and orrals, billiards serve as onvenient theoretial models for a onned eletroni
gas. Chaos in a avity might be attributed to the presene of impurities or to the properties of the boundary itself.
A review of losed billiard dynamis an be found in [3℄. Convex hard-wall avities open to the environment are also
well studied within the semilassial approximation [4℄.
An intermediate situation arises when one allows for a small but nite oupling to the outside world all around
the boundary. Furthermore, if this oupling is desribed by a random set of oupling oeients to a large number
of ideal leads, the resulting system aquires a natural statistial desription [5℄. Indeed, in studies of nanostrutures
one typially aims at the statistial properties of various response funtions, omputed through the avity Green's
funtion. In experiments the statistis are obtained via spetral averaging or from an ensemble of dierent boundary
ongurations, orresponding to the same spetral density. In both regular and haoti avities, the most well studied
statistial ensemble is the one dened over the dierent ongurations of the internal impurities [6, 7, 8, 9℄.
The notion of a statistial ensemble does not ome naturally for the analytial study of a billiard with no internal
sattering potential, no magneti impurities or random magneti eld. The sattering, whih in this ase takes plae
exlusively at the boundary, is the soure of stohastiity. In the simplest ase the sattering is speular, but it an
also be diusive, as in [10℄. Furthermore, the sattering may be aompanied by the esape of sattered waves into
the exterior [5℄, as, for example, in quantum dots [11℄ or quantum orrals [12℄. In this paper we present a more
detailed desription of the method proposed in [5℄. The model system we study is a billiard weakly attahed to the
large number of ideal innite leads [5℄. For simpliity and larity of presentation we onsider one open hannel in eah
waveguide, with a oupling oeient whih is Gaussian distributed around a small, but non-zero mean. The mean
and the width of the oupling oeient distribution are assumed to vary smoothly with the position of the lead on
the perimeter.
For this dot, we onstrut the supersymmetri generating funtional [6, 9℄ and performing the average over the
ensemble of realizations of oupling oeients, we obtain a surfae non-linear σ-model (NLσM). Its diusion
modes are onned to the boundary of the dot. In onvex nearly losed billiards these orrespond to the so alled
whispering gallery modes (WGM), whih are high angular momentum modes orresponding to the lassial trajetories
running alongside the billiard walls. The WGM are exponentially less likely to esape ompared to the modes with
inidene diretions lose to the lead normals, as an be inferred, for example, from [13℄. Thus, the response funtions
at very large times are expeted to be dominated by these modes, and hene an be non-perturbatively alulated
from our supersymmetri funtional.
Some of the tehnial tools we employ, suh as the non-Hermitian eetive Hamiltonian have been frequently used
along with random matrix theory (RMT) [14, 15, 16℄. The use of RMT implies a restrition to the universal regime.
Here we pursue a desription of the nonuniversal regime of the billiard dynamis, thus overing a muh broader
energy range than is possible with RMT. We are also interested in spatially dependent harateristis of the system,
inaessible via RMT.
The assumption of only one open hannel is not essential. The generalization of our approah to an arbitrary
number of open hannels is straightforward. The hoie of random Gaussian distribution of the hannel strengths is
in fat quite realisti; the atual values of ouplings (and the number of open hannels) are not known in general [17℄.
It is usually argued, at least in situations where the RMT is appliable, that quantitative results do not depend on
the oupling being random or onstant [14℄. For our development, however, the randomness is essential as we briey
explained above.
2We note that our model applies, mutatis mutandis, to a system with loal or extended soures of damping [17, 18℄.
Besides quantum dots [11℄, there are other mesosopi billiards whih fall into this ategory, suh as quantum and
optial orrals [12, 19℄, optial resonant avities [20℄, and the artiial atoms proposed in [21℄. Here also we expet the
WGM to play an important role in the long-time Green's funtions. The dependene of esape rate on the angular
momentum, important in both optial and eletroni systems, is also inorporated in our model.
Finally, weak interations in nanostrutures with large dimensionless ondutane reates an additional motivation
for our study. For a ballisti avity, in whih eletroni interations are of interest, while the shape is not, the onvex
smooth-wall billiard represents a suient starting point. It might be possible to use the results of our present
analysis in the large-N approah of [22℄ to the interating ballisti ase. We also note in passing that the fundamental
problem of onstruting a σ model for a losed, impurity free ballisti billiard has proven to be tehnially hallenging
[10, 23, 24, 25℄. Our work shows that a random oupling to the environment ats as a natural regularizer and allows
us to irumvent many of the tehnial diulties.
The plan of this paper is as follows. Setion II reviews the proedure for integrating out the leads to arrive at a
non-Hermitian Hamiltonian whih desribes eletroni sattering in a quantum dot. In Setion III, we onstrut the
supersymmetri generating funtional for the orrelation funtions and arry out the ensemble average, introduing
a supermatrix eld for eah lead to deouple supervetor elds. The ontinuous model resulting in the limit of large
leads number is analyzed in Setion IV. We demonstrate how a Born-Oppenheimer-like approximation [26℄ an be
employed in the solution of the eetive problem, whih results from the saddle point evaluation of superintegral.
This is done in Setion V. We omplete the derivation of the surfae diusion NLσM in Setion VI and present our
summary in Setion VII.
II. EFFECTIVE NON-HERMITIAN HAMILTONIAN
It is ommon in mesosopi physis to study open systems using their losed ounterparts and vie versa. The
eigenfuntion struture of losed dots aets the transport properties of the open dots, while the leads attahed to the
dot an hange the nature of the dynamis from regular to haoti [27℄. In the RMT ontext, the sattering approah
[14℄ to mesosopi billiards relies on the deomposition of the system into internal and external subparts. The internal
is desribed by N bound states, while the external, by M hannel states propagating along the hard wall leads to
innity. To set up the analysis one introdues (i) the N × N internal Hamiltonian Hin, and (ii) M ×M S-matrix,
whih relates inoming and outgoing wave amplitudes in the asymptoti region:
ψi,n = δjiψ
inoming
i,n +
Mj∑
m=1
S(ji)mnψ
outgoing
j,m ,
where i, j speify leads, and m, n speify hannels, (iii) express S-matrix in terms of Hin and N×M matrixW , whih
ouples the subparts S = I − 2πiW † (E −Heff )
−1
W, with Heff = Hin − iπWW
†
. This relation of S-matrix to the
eetive Green's funtion (E −Heff )
−1
is the building blok of the Hamiltonian approah to the system's statistis
in the universal (RMT) regime, i.e., the regime independent of the details of the underlying lassial dynamis [14℄.
The non-Hermitian random matries have been the subjet of numerous works on quantum haoti sattering (see,
for example, [16℄ and referenes therein).
Similar steps lead to the generalization of the eetive non-Hermitian Hamiltonian in the nonuniversal regime, as
was done in a thik wire in [28℄ and for a disordered quantum dot, in whih eletrons, onned by a hard wall potential
an esape into leads, in [29℄.
In full analogy with the RMT problem one an take the same approah to our problem involving open ballisti dot.
For ompleteness, we reprodue the main steps arried out in [29℄, noting that we deal with a two-dimensional lean
eletroni system.
In order to study the Green's funtions G
(E ± iǫ−H0)G
R,A (r, r′) = δ (r− r′) , (1)
orresponding to the dot-plus-leads Hamiltonian
H0 =
(
p−
e
c
A
)2
. (2)
we introdue the rossetional surfaes Cn perpendiular to the walls of the leads lose to the plae of their attahment
to the dot. Then we reformulate the problem by speifying the boundary onditions on these surfaes, thus eliminating
the leads at the expense of modifying the Hamiltonian of the system. First we introdue auxiliary retarded and
3advaned Green's funtions G
R,A
(r, r′) for eah lead, satisfying Eq. (1) inside the region of the lead bounded by the
setion Cn. The boundary ondition at Cn is the only dierene between G
R,A
(r, r′) and GR,A (r, r′). The former
vanishes at this boundary. Considering GR,A (r, r′), suh that r and r′ belong to the regions on the dierent sides
from the setion Cn we make use of the following identity (urrent onservation)
∇r
[(
G
A
(r, r′′)
)∗
vrG
R (r, r′) +GR (r, r′)
(
vrG
A
(r, r′′)
)∗]
= 2iδ (r− r′′)GR (r, r′) , (3)
where vr = −i (∇r + eA/c) /m. To arrive at the urrent onservation relation (Eq. (3)) we ombine denitions of
both GR and G
A
(Eq. (1)), by multiplying them with GR (r, r′) and subtrating from eah other. Then, integration
with respet to r-oordinates taken over the volume of the lead results in
GR (r′′, r′) = −
i
2
∫
Cn
(xn · vr)
(
G
A
(r, r′′)
)∗
GR (r, r′) dr, (4)
upon appliation of boundary ondition on G
A
(r, r′′). Here xn is the unit normal to Cn. Next, we apply the veloity
operator vr′′ to both sides of Eq. (4) and pik r
′′ = y on the rossetion Cn to get
(xn · vy)G
R (y, r′) =
∫
Cn
Bn (y, r)G
R (r, r′) dr, (5)
where
Bn (y, r) =
i
2
(xn · vy) (xn · vr)G
R
(y, r) ,
and we used
(
G
A
(r, r′′)
)∗
= G
R
(r′′, r). Note, that the funtions Bn (y, r) are ompletely determined by the properties
of the leads, whih we assumed to be ideal. Thus, the dot-plus-leads system governed by Eq. (1) is now redued to
the dot only, governed by the same Eq. (1) and boundary onditions speied by Eq. (5). We also note, that it is
real part of a funtion Bn (y, r) that is related to the ux arried into the leads by the eletroni states. To simplify
the boundary onditions we modify the Hamiltonian of the system even further aording to
H = H0 ∓
i
2
N∑
n=1
B̂nδCn, (6)
where δCn is a surfae δ-funtion, dened via
∫
δCnΨ(r) dr =
∫
Cn
Ψ(r) dr, and B̂nΨ(r) =
∫
Cn
ℜBn (r, r
′) Ψ (r′) dr′,
with ℜBn (r, r
′) = γnvnϕn (r)ϕn (r
′). To ompatiify the formulas of the next setions we also assume that eah of
the N leads ontains at most one open hannel. Thus, we end up looking for the Green's funtions of the eetive
problem
(E −H)GR,A (r, r′) = δ (r− r′) , (7)
assoiated with the Neumann boundary onditions
(xn · vr) G
R,A (r, r′)
∣∣
Cn+0
= 0, (8)
where the derivatives are taken from the side of the lead (whih is indiated by Cn + 0). The seond term in
Hamiltonian (Eq. (6)) desribes the nite esape probability for the eletrons olliding with the boundary. Now we
are ready to proeed with the onstrution of the σ-model along the onventional lines developed for losed systems
[9℄. Note, that boundary ondition given by Eq. (8) ensures that system is eetively losed, i.e. omponent of the
urrent, whih is normal to boundary, vanishes.
III. SUPERSYMMETRIC GENERATING FUNCTIONAL
Next we onstrut the generating funtional for both retarded and advaned Green's funtions for Gaussian dis-
tributed dimensionless oupling oeients γn. These oeients are related to stiking probabilities and transmission
oeients, frequently used within the Hamiltonian approah to haoti sattering [14℄ to ompute statistial distri-
butions of the resonane widths, delay times and related harateristis. A detailed disussion of the physial meaning
4of these oeients an be found in [2, 17, 18, 30℄ and in referenes therein. In order to perform non-perturbative
alulations of these averages in the non-universal regime we rst onstrut the supersymmetri funtional Z [9, 31℄.
Any orrelator of the dot Green's funtions an be later obtained from it by dierentiation with respet to soures J
[6℄ as long as we know the average Z [J ] over the γ-ensemble.
We an assume the magneti eld (Eq. (2)) to be vanishingly small and remove it from onsideration. Its
role is redued to breaking the time reversal symmetry, and justifying the use 4-omponent supervetors Ψ(r)T =
{S1 (r) , χ1 (r) , S2 (r) , χ2 (r)} in the supersymmetri funtional. The generalization of our formalism to other sym-
metry lasses is quite straightforward and will require doubling the spae [9℄. It is onvenient to express the oupling
oeients as a sum of onstant and stohasti parts: γn = γˆn+ γ˜n. For the statistis of γ˜n we assume that 〈γ˜n〉 = 0,
〈γ˜nγ˜m〉 = x
2
nδnm; all higher moments fatorize into seond moments. We indiate averaging over random ouplings
to the leads by the shorthand notation 〈. . . 〉γ˜ . Then we eliminate the leads [29℄, passing to the Hamiltonian given
by Eq. (6).
In terms of supervetors Ψ(r), and supermatries L = diag {1, 1− 1, 1}, Λ = diag {1, 1− 1,−1} [31℄ the generating
funtional Z [J ] is written down as follows
〈Z [J ]〉γ =
∫
dΨ∗dΨe−L[Ψ]
〈
e
−Lδ [Ψ]
〉
γ˜
, (9)
L [Ψ] = i
∫
Ψ† (r) ĤJLΨ(r) dr+
1
2
N∑
n=1
vnγˆn
∫
Cn
Ψ† (yn)ϕn (yn)ϕn (y
′
n) ΛLΨ(y
′
n) ,
Lδ [Ψ] =
N∑
n=1
γ˜nvn
2
∫
Cn
Ψ† (yn)ϕn (yn)ϕn (y
′
n) ΛLΨ(y
′
n) ,
with
ĤJ =
(
−
∇2
2m
− E
)
I4 + iǫΛ+ J,
where ǫ is innitesimally small, ϕn (y) =
√
2/dn sin (πy/dn) (for hard-wall lead of width dn). Here
∫
Cn
stands for a
double integration over yn and y
′
n, the transverse oordinates along the rossetion Cn. The exat form of the soure
supermatrix
J = diag {J1 (r) , J2 (r) , J1 (r) , J2 (r)} ,
is ditated by the hoie of the physial quantity we eventually wish to alulate.
Averaging over γ˜n produes:〈
e
−Lδ[Ψ]
〉
γ
=
〈
1 +
1
8
N∑
n=1
x2nv
2
n
{∫
Cn
Ψ† (yn)Lϕn (yn)ϕ
∗
n (y
′
n)Ψ (y
′
n)
}2
+ . . .
〉
γ˜
. (10)
This step towards onstruting supersymmetri NLσM for our system is no more diult than in the problems
requiring averaging over impurities or random magneti eld. As we shall see below it results in the oupling of the
eetive eld with the soure of boundary transmission.
IV. EFFECTIVE PROBLEM FOR A SMOOTH CONVEX BOUNDARY
Next we arry out the Hubbard-Stratonovih transformation to deouple the interation terms (Eq. (10)) whih
entered the ation of Eq. (9) after averaging. The proedure, involving supermatrix elds Qn, is explained in Appendix
A and leads to
〈Z [J ]〉γ =
∫ ∏
n
DQn
∫
dΨ∗dΨe−L[Ψ] exp
N∑
n=1
{
xnvnm
2
∫
Cn
Ψ† (yn)L
× ϕn (yn)ϕ
∗
n (y
′
n)Ψ (y
′
n)
∫
Cn
Qn (y
′′
n, y
′′′
n )ϕn (y
′′
n)ϕ
∗
n (y
′′′
n )
−
m2
2
(∫
Cn
Qn (yn, y
′
n)ϕn (yn)ϕ
∗
n (y
′
n)
)2}
. (11)
5Next, we make further simpliations by setting dn = d and distributing the large number of narrow leads dn = d≪ P
(where P is perimeter of the dot), lose to eah other all around the boundary. In this limit we an approximately
write ϕn (yn)ϕ
∗
n (y
′
n) ≃ 2/d. These two model assumptions are not essential for subsequent analysis, although they
do make it more transparent. The distribution of the leads oupling oeients an be hosen piee-wise ontinuous,
while widths an be given as a set of input parameters to the problem at hand together with γˆn, xn and vn.
Then we make use of the mean value theorem for eah of the
∫
Cn
integrals, provided all the integrands are smooth
funtions of yn. The resulting sum in the exponent of Eq. (11) an be ombined into a single integral over the
arlength s, ranging from 0 to P , whih runs along the boundary, dened in polar oordinates as r = R (s), produing
〈Z [J ]〉γ =
∫
DQ (s)
∫
dΨ∗ (r, θ) dΨ(r, θ) e−L[Ψ]
× exp
{
2md
∫ P
0
x˜ (s)Ψ† (R (s) , s)LQ (s)Ψ (R (s) , s) ds− 2m2d
∫ P
0
Q2 (s) ds
}
,
where x˜ (s) = x (s) v (s) and both band veloity v (s), mean γˆ (s) and r.m.s. x (s) of the oupling strength are now
smooth funtions of arlength. The orresponding hanges in the term L [Ψ] are made aordingly. Upon arrying out
the Ψ-integration, we arrive at the following representation of the generating funtional in polar oordinates r = (r, θ)
〈Z [J ]〉γ =
∫
DQ exp Str
[
−2m2d
∫
drdr′Q2 (s) δP δ (r− r
′)
− ln
{(
−iĤ0 +
v (s) γˆ (s)
d
ΛδP
)
δ (r− r′)−
mdx˜ (s)
2
Q (s) δP δ (r− r
′)
}
− ln (I4 + ǫΛG (r, r
′) + G (r, r′)J (r))] , (12)
where δP is a perimeter delta-funtion and the supermatrix Green's funtion G is determined from{
Ĥ0 − i2mx˜ (s) d
(
Q (s)−
γˆ (s)
2x (s)md
Λ
)
δP
}
G (r, r′) = iδ (r− r′) , (13)
and Ĥ0 = ĤJ (J = 0) . Thus we redued the generating funtional for our system to the integral over the supermatrix
supereld with boundary support. We have
〈Z [J ]〉γ =
∫
DQeF [Q]+FJ [G], (14)
with the free energy
F [Q] = Str
∫
drdr′
{
−2m2dQ (s)2 δP δ (r− r
′) + ln−iG−1 (r, r′)
}
,
and symmetry breaking terms
FJ [G] = −Str
∫
ln (I4 + ǫΛG (r, r
′) + G (r, r′)J (r)) drdr′.
In order to redue our generating funtional (Eq. (14)) to a NLσM we employ the saddle point ondition, whih in
our ase reads
Qsp (s) =
x˜ (s)
2m
G (R (s) , R (s) , s, s,Qsp (s)) . (15)
We assume the saddle point solution to be diagonal: Qsp (s) = Q0 (s) Λ. To proeed with the analysis of utuations,
one needs to determine both the Q0 (s) and the diagonal Green's funtion supermatrix Gsp (r, r
′). Thus, by ombining
Eqs. (13) and (15) with the assumption about saddle point struture we mapped the original problem with random
boundary ondition onto an eetive problem speied by the dierential equation:
1
2m
(
∇2 − κ2
)
G
(
r, r′, θ, θ′, κ2
)
= −
iδ (r − r′) δ (θ − θ′)
r
, (16)
6where κ2 = −2mE, with assoiated boundary onditions
∂
∂r
G
(
r, r′, θ, θ′, κ2
)∣∣
S−
= i
f (s)
R (s)
G
(
r, r′, θ, θ′, κ2
)∣∣
S−
, (17)
∂
∂r
G
(
r, r′, θ, θ′, κ2
)∣∣
S+
= 0, (18)
where f (s) = m2x˜ (s) Q˜0 (s)R (s) d, S
−
, S+ are the inner and the outer surfaes of the dot, and Q˜0 (s) = Q0 (s) −
γˆ (s) / (2x (s)md).
V. BORN-OPPENHEIMER-LIKE APPROXIMATION
To onstrut the Greens funtion of Eq. (16) we employ the tehnique of [32℄, whih was also used in [5℄ for a
irular billiard. In the latter ase the orresponding Green's funtion reads
G
irle
(
r, r′, θ, θ′, κ2
)
=
im
π
∞∑
n=−∞
In (κr<) {anIn (κr>) +Kn (κr>)} e
in(θ−θ′), (19)
with r> (r<) is a maximum (minimum) of r and r
′
, In and Kn are modied Bessel funtions respetively, and the
oeients an are hosen to ensure the boundary ondition. The summation in Eq. (19) is replaed with integration,
while Bessel funtions are replaed with their uniform approximations [32℄.
For a generi onvex smooth-wall billiard a similar expansion is possible with the help of the reently proposed
Born-Oppenheimer-like approximation [26℄. The method used in [26℄ assumes that the angular variation of x (s),
f (s), et. is slow and enables one to determine ertain lasses of eigenstates quite aurately. Guided by the example
of irular billiard, and the fat that WGM have the longest life-time, we fous our attention on the limit of large
angular momentum.
The Greens funtion (Eq. (19)) was build from two radial solutions of Eq. (16) and angular harmonis. In ase of
a generi billiard, the angular part of the eigenstate is obtained from WKB solution of slow-variable equation [26℄,
ψ (s) = exp
{
iλ
∫ s F (s)
R (s)
ds
}
while the radial part is given by the linear ombination of Il(s) (κrs) and Kl(s) (κrs). Here angular momentum
index is parametrized as l (s) = λF (s), rs is a loal radial oordinate, omputed from the loal enter of urvature
[26℄. Eigenvalues λ are determined from arlength quantization ondition (ψ (0) = ψ (P )): λn = 2πn/
(
F (s)
R(s)
)
P . Here
and below we use overbar to denote the perimeter average: R =
∫ P
0 R (s) ds/P , f =
∫ P
0 f (s) ds/P , et. Note that
for dimensionless quantities we will not use overall fator 1/P . The expliit form of F (s) an be found from the
radial quantization ondition [26℄. Below we onsider F (s) to be known. Thus, the Green's funtion for the eetive
problem given by Eqs. (16,17) an be approximated as
G
(
r, r′, θ, θ′, κ2
)
=
imR (s)
P
∞∑
n=−∞
IλnF (s) (κrs<)
{
anIλnF (s) (κrs>) +KλnF (s) (κrs>)
}
× exp
{
iλn
∫ s
s′
F (s)
R (s)
ds
}
, (20)
with
an (s) =
−if (s)KλnF (s) (κR (s)) + κR (s)K
′
λnF (s)
(κR (s))
if (s) IλnF (s) (κR (s))− κR (s) I
′
λnF (s)
(κR (s))
.
This expression does not hold far from the boundary, but it suits our purposes. For example, it an be used to
determine saddle point solution Q0 (s). We have, at the billiard boundary
G
(
R (s) , R (s) , s, s′, κ2
)
=
imR (s)
P
∞∑
n=−∞
IλnF (s) (κR (s))
if (s) IλnF (s) (κR (s))− κR (s) I
′
λnF (s)
(κR (s))
× exp
{
iλn
∫ s
s′
F (s)
R (s)
ds
}
,
7Then, Q0 (s) is determined by the stationary point ondition (Eq. (15))
i
x˜ (s)R (s)
2P
∞∑
n=−∞
IλnF (s) (κR (s))
if (s) IλnF (s) (κR (s))− κR (s) I
′
λnF (s)
(κR (s))
= Q˜0 (s) +
γˆ (s)
2x (s)md
. (21)
Dropping the imaginary part of Q˜0 (s), we set g˜ (s) = κR (s), and proeed as follows. We evaluate the sum over n
in Eq. (21) asymptotially in the limit: g˜ (s) ≫ 1, f (s) /g˜ (s) ∼ 1 by replaing it with integral over orresponding
ontinuous variable. Following the tehnique, desribed in Ref. [32℄, and illustrated in Appendix B for a more involved
alulation, we use uniform approximation for the Bessel funtion and its derivative [33℄, arry out the integration
and rewrite Eq. (21) as
x˜ (s)R (s) (F (s) /R (s))
2F (s)
√
f (s)
2
− g (s)
2
= Q˜0 (s) +
γˆ (s)
2x (s)md
.
after the substitution g˜ (s) → −ig (s) (κ → −ik), to the leading order in 1/g (s). This equation an be now solved
numerially yielding f (s) (or Q˜0 (s)) for any presribed set of parameters of the problem.
VI. BALLISTIC NONLINEAR σ-MODEL
Having determined the relation between the Green's funtion G and saddle-point value of supereld Q, we ome
bak to further analyze the generating funtional speied by Eq. (14). As a nal step in derivation of NLσM we
have to expand the ation F [Q] up to quadrati order around the extremum and inlude rst variation of symmetry
breaking terms in FJ [G]. Observing that F [Qsp] = 0 we turn to the utuations of Q, whih deompose into a
transverse piee δQ(t) (along the saddle-point manifold [9℄) and a longitudinal piee δQ(l) (orthogonal to the saddle
point manifold). We fous on the transverse part of the ation, the part antiommuting with the Λ-like saddle-point
solution. Our goal is to demonstrate that in absene of symmetry breaking terms transverse utuations are massless
(Goldstone) modes of the theory. The purely transverse terms are given by [9℄
Ft [δQ] = −4m
2d Str
∫ P
0
(
δQ(t) (s)
)2
ds+ (md)
2
Str
∫ P
0
∫ P
0
G (Q0 (s))G (−Q0 (s))
× x˜ (s) x˜ (s′) δQ(t) (s) δQ(t) (s′) dsds′.
In view of the developments of the previous Setion, we an expand deviations of Q in approximate angular eigenstates:
δQ(t) (s) =
∑∞
l=−∞Q
(t)
l exp
{
iλl
∫ s
dsF (s/R (s))
}
, and, setting G (Q0) = G, and G (−Q0) = G˜ we obtain
Ft [δQ] = −4m
2d Str
∑
l,n
∫ P
0
δQ
(t)
l δQ
(t)
n e
i(λl+λn)
∫
s F (s)
R(s)
dsds+ (md)2 Str
∑
l,n
δQ
(t)
l δQ
(t)
n
×
∫ P
0
ds
∫ P
0
ds′GG˜x˜ (s) x˜ (s′) eiλl
∫
s F (s)
R(s)
ds+iλn
∫
s′ F (s)
R(s)
ds. (22)
Our intermediate goal now is to get a Ward-like identity, whih would allow us to evaluate massive part of the
transverse ation. At this point we onsider Eq. (13) for both Green's funtions,(
∇2
2m
− i
f (s)
2mR (s)
δP −
κ2
2m
)
G =
i
r
δ (r − r′) δ (θ − θ′) , (23)
(
∇2
2m
+ i
f (s)
2mR (s)
δP −
κ2
2m
)
G˜ =
i
r
δ (r − r′) δ (θ − θ′) , (24)
and multiply Eq. (23) by G˜h (s, s′) and Eq. (24) with Gh (s, s′). We are free to hose funtion h (s, s′) to behave
as we like inside the billiard, beause only the value of this funtion at the boundary matters for manipulations in
8Eq. (22). In partiular we may require that h slowly deay to zero in the radial variable as we move away from the
boundary. Sine the radial rate of variation is approximately 1/R, while the angular rate is 1/λF (where λF is a
Fermi wavelength), we neglet all radial derivatives in the subsequent analysis, whih is orret to leading order in
R/λF . Next, we subtrat one equation from the other, integrate the resulting expression over the area of the dot D
(inluding the boundary: 0 < r < R+ (s)), and set the remaining free radial oordinate to R (s) to get∫
V
(
hG˜∇ · ∇G − hG∇ · ∇G˜
)
dτ = 2i
∫ P
0
dsf (s)h (s, s′)
×G (R (s) , R (s′) , s, s′)G˜ (R (s) , R (s′) , s, s′) + 2imh (s′, s′)
×
(
G˜ (R (s′) , R (s′) , s′, s′) −G (R (s′) , R (s′) , s′, s′)) . (25)
Note, that aording to the saddle-point ondition (Eq. (15))
G˜ (R (s) , R (s) , s, s)− G (R (s) , R (s) , s, s) = −2m
Q˜0 (s)
x˜ (s)
, (26)
whih might be used in the last line in Eq. (25). Furthermore, one an transform the left-hand side of the Eq. (25)
by making use of Gauss's theorem for the domain D (with boundary ∂D)∫
D
(
hG˜∇ · ∇G − hG∇ · ∇G˜
)
dτ =
∫
∂D
h
(
G˜∇G − G∇G˜
)
· dσ
−
∫
D
(
∇
(
hG˜
)
· ∇G −∇ (hG) · ∇G˜
)
dτ. (27)
Appliation of the boundary onditions (Eq. (18)) to Eq. (27) makes the surfae integral vanish. It remains to
evaluate the area integral on the right-hand side of Eq. (27), whih we now substitute into Eq. (25) and obtain,
negleting the terms with radial derivatives of h∫ 2pi
0
∂h (s, s′)
∂θ
dθ
∫ R(s)
0
dr
r
(
G˜
∂
∂θ
G − G
∂
∂θ
G˜
)
+ 4im2h (s′, s′)
Q˜0 (s)
x˜ (s)
= 2i
∫ P
0
dsh (s, s′) G˜G, (28)
where we used Eq. (26). The boundary value of funtion h is ompletely at our disretion. We selet
h (s, s′) = −i (md)
2
∑
l,n
x˜ (s) x˜ (s′)
f (s)
e
iλl
∫
s F (s)
R(s)
ds+iλn
∫
s′ F (s)
R(s)
dsδQ
(t)
l δQ
(t)
n .
Then we integrate both sides of Eq. (28) with respet to s′ along the boundary of the billiard and substitute the
result together with h in eah term of the sum in the seond term of Ft [δQ] (Eq. (22)).
We observe that the massive ontribution oming from variation of Q (s)
2
(the rst term on the right-hand side
of Eq. (22)) will be aneled by the seond term on the left hand side of Eq. (28). The surviving linear in δQ(t)
term proportional to γˆ (s) (f. [5℄) will be aounted later, together with the symmetry breaking terms. In addition
to that, we need to demonstrate that massive longitudinal modes δQ(l) are deoupled from the essentially massless
transverse modes. Then, the longitudinal utuations around saddle-point an be all integrated out, produing unity
due to supersymmetry.
To omplete the derivation of NLσM we still have to analyze the remaining part of the transverse ation
Ft [δQ] = Str
∑
l,n
∫ P
0
ds′
∫ P
0
ds
∫ R(s)
0
∂h (s, s′)
∂s
R2 (s)
(
G˜
∂
∂s
G − G
∂
∂s
G˜
)
dr
r
(29)
We perform this step using the asymptoti tehnique, we employed in previous Setion. After a straightforward, but
lengthy proedure, whih we alloate to the Appendix B we obtain
Ft [δQ] ≃ −StrD0
∫ P
0
(
R (s)
F (s)
∂δQ(t)
∂s
)2
ds, (30)
9D0 =
(
F
R
)
m4d2x˜
4P
(
x˜FR2g (2g2 + f2)
f4
√
f2 − g2
)
.
One an use similar set of manipulations for the purely longitudinal and proportional to δQ(l)δQ(t)+ δQ(t)δQ(l) parts
of the ation, whih onsist of the utuations ommuting with the saddle-point solution, and therefore ontain G2 in
the ontribution to seond variation oming from the logarithmi term in F [Q] (f. Eq. (22)). These manipulations
enable us to show that to the onsidered order in 1/g the longitudinal and transverse modes are deoupled (the
oeient in front of the δQ(l)δQ(t) + δQ(t)δQ(l) is small ompared to the mass of the longitudinal modes).
To nish the onstrution of the nonlinear σ-model, we integrate out the longitudinal modes, set δQ(t) = Q, and
expand the symmetry breaking terms FJ [G (Q)] to the lowest order in J and ǫ to get
〈Z [J ]〉γ =
∫
DQe−F [Q],
with the free energy given by
F [Q] = Str
∫
drdr′
[{
D0
(
R
F
∂Q (s)
∂s
)2
+
γ
xmd
Q (s) Λ
}
δP δ (r− r
′)
+
∫
ds′′ (ǫΛ + J (r))Q (s′′) a (r, R (s′′) s′′; r′, R (s′′) s′′)
]
(31)
where
a (r, R (s′′) s′′; r′, R (s′′) s′′) = i
mdx˜
2
Gsp (R (s
′′) s′′, r′)Gsp (r, R (s
′′) s′′)
and we suppressed expliit slow s-dependene everywhere. The free energy given by Eq. (31) is the entral result of
our paper. It displays the surfae modes Q (s), whih undergo diusion and drift, and are oupled to the interior of
the dot by the last term.
For the alulation of any physial quantity, expressed via Green's funtion orrelators suh as, e.g.〈
GR (r, r′)GA (r, r′)
〉
γ
, it is neessary to have atual parametrization for Q (s). Sine basi symmetries of our problem
are not any dierent from these of the orresponding Q (r)-eld of the diusive problem [6, 9, 31℄ our supermatrix Q
an be parametrized as suggested in [9, 31℄.
VII. DISCUSSION
We have onstruted a nonperturbative framework to analyze one partiular realization of a whole lass of nanos-
trutures: a nearly losed system with ballisti internal dynamis and random losses at the boundary. Our approah
uses a natural regularizer, whih enables us to irumvent the tehnial diulties of previous approahes to losed
ballisti systems [10, 23, 24, 25℄. We nd that the resulting theory an be haraterized by diusive modes onned
to the boundary and interating nonloally with the interior as enapsulated in our main result (Eq. (31)). These
diusive modes are identied as WGM, whih are exponentially long-lived ompared to other trajetories sattering
o the boundary non-tangentially and, therefore are antiipated to dominate the long-time behavior of response fun-
tions. We expet our formalism to be useful whenever a ballisti nanostruture supports suh modes. Note that no
RMT assumptions have been made, and our approah is appliable in a broad energy range and inludes the spatial
dependene of physial quantities.
We derive our results by treating a ballisti billiard as a sattering system. In partiular, we use an eetive non-
Hermitian Hamiltonian, whih is a ommon tool in quantum haoti sattering. However the resulting supersymmetri
NLσM is fully intended for the alulations of internal harateristis, suh as loal density of states statisti or
orrelators of eigenfuntions, rather than statistis of reetion or transmission. For that reason, the esape rate is
hosen to be small and distributed along the boundary. In addition, we hose the oupling part of the non-Hermitian
Hamiltonian to be utuating, thus dening an ensemble of billiards with dierent esape rates. These steps allow
to study ballisti nanostrutures without the introdution of any other regularizer [6, 24℄. The simplest realization of
suh model is a irular billiard with onstant parameters, for whih the surfae diusion NLσM was obtained in [5℄
using the saddle-point solution. This billiard is also the lassial example of a system supporting WGM.
In this paper we have extended the results of [5℄ to show that surfae diusion modes are present in generi, haoti,
smooth-wall billiard as well. To reate an extension to other haoti optial and eletroni systems, for whih WGM
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are of importane [12, 19, 20, 21℄, one needs to adapt our proedure to the details of the oupling to the environment.
However, for most mesosopi strutures the wall absorption, whih is always present in experiment, an be adequately
modeled by uniformly distributed leads. Furthermore, our model allows us to add nite number of wide leads if the
problem under onsideration involves transmission properties. Other alulations within a similar framework an be
performed for systems whih have disorder onentrated at the boundary, e.g. quantum orral omposed of dierent
atoms or artiial atoms proposed in [21℄ with the random magnitude of the magneti ux.
As for the handling the alulation of orrelators of physial quantities one needs to introdue a dierene between
two energies ω into the derivation. For the nal expression for the free energy (Eq. (31)) this means a replaement
ǫ → ǫ + iω/2. A good starting point an be the appliation the perturbative tehnique desribed in Ref. [37℄ to the
analysis of the 2-point funtion in a irular avity. Assuming Q (θ) (θ being the polar angle) to utuate weakly
near the origin Q0Λ [5℄, one an deompose the supermatrix Q (θ) as T
−1Q˜ (θ) T , where T are angle independent
pseudounitary supermatries, whih are, in turn, parametrized in terms of o-diagonal supermatries W [9, 37℄. The
perturbation sheme is based on the expansion of Q (θ) around the saddle-point solution (Q0Λ) in terms of W (see
the details in [37℄).
It is also natural to inquire about onnetion of our model to the existing ballisti analogues of the diusive NLσMs,
e.g. the models proposed in [6, 10, 23℄. Note that the zero-dimensional versions of these theories produe RMT, whih
makes the answer to this question important for studies of truly ergodi systems. The onstrution involving diuse
boundary sattering (Ref. [10℄) is essentially dierent from ours, beause in Ref. [10℄ the eletron loses memory after
a single boundary ollision, while in our model, the WGM trajetories retain phase oherene until the eletron nally
leaves the system. Our treatment is omplementary (only in oneptual sense) to that of Refs. [6, 23℄, in whih only
modes of Q inside the ballisti dot appear, and the boundary value of Q is nonutuating. The zero-dimensional ase
Q (r) = const inside the dot (Q (θ) = const in our ase), i.e. the situation in whih only lowest mode ontributes,
seems to be the only possible onnetion between these models and ours. However, another ruial dierene between
the two formulations is worth mentioning. The universal parameter τ (mean free time between ollisions) in the
Muzykantskii-Khmelnitskii σ-model ([23℄) is angular momentum dependent in our ase. In order to address this issue
of zero-dimensional orrespondene between our result and these of Refs. [6, 23℄ one needs to arry out the alulations
for orrelation funtion of a haoti system at hand using the NLσM we derived and ompare it to the RMT result
in the appropriate limit. This is a subjet of ongoing work to be presented elsewhere.
Finally, we hope to onsider appliations of our NLσM to the interating-eletron problem in the future. One of
the possible ways to take the interations into aount in diusive and ballisti systems with large dimensionless
ondutane, is to use a Universal Hamiltonian [34℄, whih was shown to be the renormalization group xed point
for weak interations [22, 35℄. We hope to extend our analysis to the interating ballisti ase by using the large-N
approah of [22℄.
We are grateful to the NSF for partial support under DMR-0311761.
Appendix A: HUBBARD-STRATONOVICH DECOUPLING
In this Appendix we derive the identity whih deouples supervetor variables in the ation averaged over γ˜n.
For arbitrary funtion V (u, z) I4, whih does not possess any supersymmetri struture and for two oordinate
dependent supermatries Q (u, z) and A (u, z) whih have the same supersymmetri struture and, therefore ommute,
the following generalization of the deoupling rule an be veried:∫
DQe−Str
∫ ∫
αQV QV−iβQV AV = e−
β
4α
2
Str
∫ ∫
AV AV , (A1)
where we skipped oordinate dependene on yn and y
′
n and orresponding dierentials. First of all, we make use
of the theorem due to Parisi-Sourlas-Efetov-Wegner (see, for example, [36℄), whih states, that for any invariant
superfuntion the orresponding superintegral is equal to its value at the origin, whih in our ase is unity. By
shifting Q 7→ Q+ iδA, and setting 2αδ − β = 0, we get
−α
∫
Cn
QV
∫
Cn
QV + iβ
∫
Cn
QV
∫
Cn
AV 7→ − α
∫
Cn
QV
∫
Cn
QV − i (2αδ − β)
×
∫
Cn
AV
∫
Cn
QV = −α
∫ ∫
Cn
QV QV −
β
4α
2 ∫ ∫
Cn
AV AV. (A2)
Then, we arry out the Hubbard-Stratonovih transformation by applying Eq. (A1) from right to left to eah of
the terms in Eq. (10) (in our ase −β2/4α = x2nv
2
n/8 and V (yn, y
′
n) = ϕn (yn)ϕ
∗
n (y
′
n)). We hoose α = m
2/2, so that
iβ = mxnvn/2 and get Eq. (11).
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Appendix B: DIFFUSION TERM
Approximating the Green funtions G˜ (r, R (s′) , s, s′) and G (r, R (s′) , s, s′) aording to Eq. (20) and h with its
boundary value, we arry out r-integration with the help of the identity∫
Iα (z) Iβ (z)
z
dz = z
I ′α (z) Iβ (z)− Iα (z) I
′
β (z)
α2 − β2
and get
Ft [δQ] = i
(
m2d
P
)2 ∑
l,n,p,q
∫ P
0
ds′
∫ P
0
ds
x˜ (s) x˜ (s′) g (s)Dp,q (g˜ (s))λn
f (s) (λp + λq)
× eiλl
∫
s F (s)
R(s)
ds+iλn
∫
s′ F (s)
R(s)
ds+i(λp+λq)
∫
s
s′
F (s)
R(s)
dsδQ
(t)
l δQ
(t)
n ,
where Dp,q = 1/ (jp,q/wp,q + if (s) g˜ (s)) with
jp,q = f
2IλpF (g˜) IλqF (g˜) + g˜
2I ′λpF (g˜) I
′
λqF (g˜) ,
wp,q = IλpF (g˜) I
′
λqF (g˜)− I
′
λpF (g˜) IλqF (g˜) .
where we omitted s-dependene for brevity in the last two lines; we ontinue to do that throughout this Appendix.
Integration over s and s′ in the above expression for Ft [δQ] produes innitesimally small result unless n+ p+ q = 0,
l = −n. Antiipating this averages we onentrate on the evaluation of the sum over p and q restrited by these two
onditions. Later on one an approximate Ft [δQ] by replaing the result of the summation (together with the rest of
the integrand) with its perimeter averaged value. With this in mind we manipulate
∑
l,n,p,q into a double sum
∑
l,n,p,q
DpqδQ
(t)
l δQ
(t)
n 7→
∞∑
l,n=−∞
D|n|,|l+n|δQ
(t)
l δQ
(t)
−l
7→ 2
∑
|l|
δQ
(t)
|l| δQ
(t)
−|l|
∑
|n|
(
D|n|,|n|+|l| +D|n|,|n|−|l|
)
.
The sum over |n| an be performed asymptotially in the limit: g˜ (s)≫ 1, f (s) /g˜ (s) ∼ 1 [32℄. We onvert this sum
into the integral over the new variable
µ =
2π |n|F (s)
g˜ (s)P (F/R)
,
use uniform expansion for the Bessel funtion Iλ|n|F (s)
(
λ|n|F (s) /µ
)
[33℄ and expand j|n|,|n|+|l|/w|n|+|l| and
j|n|,|n|−|l|/w|n|−|l| to the leading order in 1/g˜ . We have
∑
|n|
(
D|n|,|n|+|l| +D|n|,|n|−|l|
)
=
PF
2π
∫ ∞
0
dµ
(
1− µ2 − 2µ4 + f
2
g˜2
)
λ2n
g˜ (1 + µ2)
3/2
(
1 + µ2 + f
2
g˜2
)
− i
PF
2π
∫ ∞
0
dµ
(1 + f g˜)µ2λ2n
g˜ (1 + µ2) (f2 + g˜2 (1 + µ2))
2 , (B1)
Then, the rst integral with respet to µ in Eq. (B1) vanishes, while the seond one yields(
π/4f4g
){(
f2 + 2g2
)
/
√
f2 − g2 − 2g
}
after we substitute g˜ (s) → −ig (s). To arrive at Eq. (30) we drop some
of the terms whih are negligible in the above mentioned limit.
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